USITP-91-18 



A Novel Chiral Boson 



Fiorenzo Bastianelli^ 

Institute for Theoretical Physics 
University of Stockholm 
Vanadisvdgen 9 
S-113 46 Stockholm, Sweden 



We introduce a new model describing a bosonic system with chiral properties. It consists 
of a free boson with two peculiar couplings to the background geometry which generalizes 
the Feigen-Fuchs-Dotsenko-Fateev construction. By choosing the two background charges 
of the model, it is possible to achieve any prefixed value of the left and right central 
charges and, in particular, obtain chiral bosonization. A supersymmetric version of the 
model is also given. We use the latter to identify the effective action induced by chiral 
superconformal matter. 
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Bosonization is an interesting phenomenon of two dimensional field theory. It states 
the equality of correlation functions of given operators in the two apparently different 
theories of a scalar boson and a Dirac fermion [PJ. In the massless case, it has been useful 
to extend the fermion-boson correspondence to a single chiral sector, and formulas for 
chiral bosonization on a general Riemann surface have been written down in 0. However, 
the chiral bosonic piece has always been identified by extracting the holomorphic (in the 
modular parameters) square root of an effective action which corresponds to a non-chiral 
bosonic theory, and a direct comparison with a truly chiral bosonic theory is still absent. 
The reason is that it is difficult to give a lagrangian description of a chiral boson suitable 
for quantization. The first attempt to construct such an action was made by Siegel ||, 
who introduced a gauge field in order to constrain the boson to be chiral. Unfortunately, 
the gauge symmetry becomes anomalous upon quantization and mechanisms to cancel the 
anomaly have to be devised 0. A different formulation, due to Floreanini and Jackiw 
|J, does not require the introduction of a gauge field, but the Lorentz invariance of the 
model is not manifestly realized. This is not a problem in principle, in fact one can 
still achieve several results like coupling the chiral boson to other systems ||, computing 
the gravitational anomalies and showing chiral bosonization on a curved space with 
trivial topology (i.e. the infinite plane) ||. However, the non-manifest Lorentz invariance 
(or coordinate invariance when coupled to gravity) makes it difficult to investigate the 
Floreanini-Jackiw model in non-trivial topological situations. In the present letter, we 
suggest yet a new description of a chiral boson which is different in spirit from the previous 
ones. The model we have in mind is that of a free scalar field coupled to the background 
geometry through two background charges. These couplings induce improvement terms in 
the energy-momentum tensor and modify the left and right central charges of the model, 
in a way similar to the usual boson with a background charge, discussed by Feigin-Fuchs 
and Dotsenko-Fateev |J. One can choose the value of the two background charges to 
create a mismatch between the left and right central charges, thus obtaining a chiral 
system. We present only a local description of the model (more precisely, we work on the 
infinite plane) and adopt a Minkowskian signature for the two dimensional geometry. We 
conclude this letter by presenting a supersymmetric version of the chiral boson and its 
effective action. The latter is naturally identified with the typical effective action induced 
by chiral superconformal matter. 
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We start with the definition of the two dimensional geometry and introduce Lorentz 
covariant derivatives^ 

V = E^dfj, + uJ a J] a = ± (1) 

constrained by 

[V+,V_]=i?J (2) 

The constraint (§) can be solved to get the usual spin connection u a as function of the 
vielbein field E a ^ (e = del e^", e^ a is the inverse of E a ^) 

w± = T-d^eE^) (3) 



The scalar curvature R defined in (||) can be expressed as follows (E a = E a ^d l 



R — R[ -\- R r 

Ri = V+w_ = (E+ - u) + )uu- (4) 
R r = — V_u>+ = —{E- + u-)u+ 

Note that Ri and R r are not separately local Lorentz invariant. In fact, under local Lorentz 
(A) and Weyl (a) transformations defined by 

e M ± = exp(a =F A)e At ± (5) 

one obtains the following transformed quantities 

eRi = e( Ri + V 2 (a - A) 



(6) 

eR r = el R r + V 2 (a + A) 



where V 2 = V-V+ = V+V_ acts on scalars. Only the combination which gives the Ricci 
scalar R = Ri + R r is Lorentz invariant. However, we are looking for a chiral theory 
where gravitational anomalies are expected ||10|| . Moreover, it is known that one can shift 



possible gravitational anomalies into the Lorentz sector by using local counterterms |TT 
Therefore, it is natural to use independently Ri and R r in the construction of a model 
which is going to be reparametrization invariant but Lorentz (and Weyl) anomalous. 



' J is the Lorentz generator acting on a vectors V± as follows [J, V±] = rbV±; the Minkowski 
metric in light cone coordinates is given by = 77-+ = | and 77++ = r] = 0. 
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Inspired by the previous considerations, we write down the following action for a chiral 
boson 

S = \ J d 2 xe (^V+0V_0 + f3 r R r( p + foRrf) (7) 

To justify the claim that is a chiral boson, we begin the analysis of the model by looking 
at the energy-momentum. The latter is defined by T M a = ^rj^rr and in general will not 



be symmetric if the theory is not local Lorentz invariant (which is the case of our model) . 
We obtain 

Tfj,a = e M aV +0V '-(f) - e M +V a 0V_0 - e^- V+0V o 

—LO-\- V a 

<P) (8) 
+ 2(3i (e^ a £_ V+0 - e M _£ a V+0 + e^+u- V a 0) 

In flat space, where e Ma = ry^a, we get the following components of the energy- momentum 
tensor 



T++ = --d+0<9+0-A<9j< 



T__ = -|<9_0cL0-/? r c£0 (9) 
T+_ =p r d+d-<j) = 

t_+ = /3 z a_a+0 = o 

where we have used the equation of motion evaluated in flat space, <9+<9_0 = 0, which also 
implies the conservation of the energy-momentum tensor. From the above expressions we 
see that the coupling to the background geometry has induced extra terms in the T±± 
components. Their effect is to shift the central charges of the model as follows 

ci = 1 + 12/3? ; c r = l + Y101 (10) 

where the central charges c\ and c r are identified from the coefficients o f the anomalous 
terms in the operator product expansion of the energy-momentum tensor^ ||12fl 



T (x+)T (v+) - Cl/2 I 2T ++^ + ) I d + T ++(v + ) 
T ++ (x )T ++ (y ) ~ {x+ _ y+) , + {x+ _ y+) 2 + (x+ - y+) + 

m / ^ , x c r /2 2T_(y~) a_T__(y") 

{x -y ) 4 (x -2/ r -y J 



;n) 



For /3? ^ we have a chiral theory and thus a chiral boson. 



' We use the operator product expansion d±cf){x ± )d±4>{y ± ) = , ±^ ±. 2 + 

\ x y ) 
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An equivalent way of describing the shift in the central charges is to compute the 
effective action in curved space by integrating out the bosonic field <f> in the functional 
integral. This effective action can be interpreted as the generating functional of correlation 
functions of the energy-momentum tensor. We get 



If ( 1 1 \ (12) 

W[ efl a ] =^J d\e( 11^+12(^1+ PrRr)^(PlRl+ PrRr)) 

The above result is easily obtained by shifting the field cf> — > (p+ ^(fliRi +(3 r R r ) to reduce 
the computation to that of a standard bosonic scalar without background charges, which 
gives the well-known R^R effective action Jl3j with a coefficient of in our conventions. 



Note that, up to boundary terms (we partially integrate freely assuming suitable boundary 
conditions at infinity) and local terms (e.g. eR[^R r = eu—U++ a total derivative), one 
can rewrite the effective action as follows 

W[ef] = 2^ / d 2 xef(l + 12(3f)R l ^R l + (1 + 12ff)R r ±R^J (13) 



which is the effective action of a chiral system, first discussed by Leutweyler [14| for the 
case of a Weyl fermion (see also ref. for useful formulas). To achieve central charges 
c r> z < 1 one has to take imaginary couplings (3 r j, as in the non-chiral case 0. In particular, 
the choice (3i = and (3 r = ±^77^ reproduces the effective action of a Weyl fermion. 

It is interesting to observe a relation between the chiral bosonic action (|7|) and the 



effective action induced by chiral fields ([13]): the action ([?]) is identical to to what may be 
called the "Liouville action" for the Lorentz mode of the vielbein. To see this, parametrize 
the class of Lorentz-equivalent vielbeins by e M ± = exp(=pA)e M ± , where e^ is a reference 
vielbein. Plugging this parametrization in the action (|II5|) one gets 



W[e ti a ]=W[e ti a ] + ^ I dFxe 



(2+(3f+^)XV 2 X + 2(l+P^)R r X-2(l+pf)R l X 



(14) 



(the inclusion of a local counterterm of the type AS = J d 2 xe uj-uj+ in the action (|T3| ) 
would bring in just some modifications of the various coefficients). Thus, we see that by 
adjusting the various coupling constants, the "Liouville action" for the Lorentz mode can 
be used to describe a chiral boson. This is similar to the usual Liouville action for the 
Weyl mode, which is used to represent non-chiral matter with arbitrary central charge 
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(note that one is typically interested in c < 1 and must use imaginary couplings in the 
Liouville action). 

A supersymmetric version of the model can easily be constructed by repeating the pre- 



vious steps in superspace [16]. The geometry of the latter is locally defined by introducing 



Lorentz covariant derivatives^ 

V A = E A M D M + u M J; A = +,-,++,— (15) 

constrained by 

{V + ,V+} = 2*V ++ 

{V_,V_} = -2zV__ (16) 
{V+,V_} = J RJ 

The scalar curvature can again be expressed as a sum of chiral pieces 

R = Ri -\- R r 

Ri = = (E+ - ^uj+)uj- (17) 

Rr = V_o;_|_ = (E_ H — uJ)u+ 
It is useful to give here the formulas for the fermionic spin connections 

u± = T- e D M (eE ± M ) (18) 

from which one can derive the following useful scaling properties of Ri and R r under Weyl 
(£) and Lorentz (A) transformations 

E± M = exp(E ± A)E± M 

eR l = e^Ri-2V 2 {X + A) 

eR r = e( J R r -2V 2 (E-A) 



(19) 



where now V 2 = V + V_ = — V_V+. The superspace equivalent of the action (|7|) looks 
similar 

S=^- ( d 2 xd 2 6e (iv + 0V_0 + (3iRi<P + (3 r Rr<P) (20) 



' Dm = {D+, D-, <9++, d--} are the covariant derivatives of rigid superspace, where D± 



i i9 ±± • The Lorentz generator now acts as follows [J, V±] = ±§V±, [J, V±±] = +V±±. 



and give rise to an affective action identical in form to (|T3| ) 

W[e M A ] = ^ J d 2 xd 2 9e ((1 + 80f)Ri^Ri + (1 + 8f3 2 )R r ^R r + cllo+lo^J (21) 

where the last term represent the ambiguity of adding local terms consistently with 
reparametrization invariance (and rigid Lorentz transformations). This effective action 
is obtained by shifting the field cf> and by making use of the non-chiral effective action 
due to a scalar superfield [T7[], which is still of the type R^R. It can be seen that this 
effective action is indeed induced by chiral supermatter. In fact, one can compute the 
energy-momentum tensor from the action (p0|) to check that it corresponds to a typical 
chiral superconformal system. The energy-momentum tensor is found by varying the viel- 
bein field SEa m = Ha B Eb m ■ One must recall that not all variation Ha b are allowed 
because the constraints ([16|) which define the supergeometry must be preserved. There are 
only six independent variations which can be taken to be H± ± , H± ±± , H±^^. As for the 
remaining variations, their functional dependence is found from varying the constraints 
(^). The energy-momentum tensor is then identified from 



SS = — [ d 2 xd 2 6e (-1) A T A B H B A 
2n J 



(22) 



where Hb A runs over the above set of independent variations. In flat space and using the 
equation of motion, we get the following non-zero components of the energy-momentum 
tensor 

T++- = -\-D ++ <j>D + <j> - (3iD ++ D +( p 

2 (23) 
T__+ = -D—(j>D-<i> + /3 r D—D-(/) 

It is straightforward to check that the above components of the energy-momentum tensor 
generate two copies of a superVirasoro algebra with central charges q = 1 + 8(3f and 
c r = 1 + 8f3 2 respectively, where the central charge c is recognized from the operator 
product expansion of the spin 1 1 1 components of the super energy-momentum tensor (see 
|IT| for notations) 

TjZiVw = "4 + mhfm + ± <> am) + (24) 

Z 12 Z 12 Z\2 

and it is related to the Virasoro central charge c by c = |c. 

To summarize, we have introduced a model of chiral bosons which reproduce the 
correct anomalies of chiral conformal matter in spaces with trivial topology. We hope that 
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the clear geometrical formulation will help to discuss the model also in topologically more 
interesting situations, like Riemann surfaces. The model can easily be supersymmetrized 
by working in superspace. The supersymmetric version has allowed us to identify the 
effective action induced by chiral superconformal matter, a result which we believe new by 
itself. 
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